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Modeling and Measurement of Microstrip
Transmission-Line Structures

P.R. SHEPHERD, MEMBER, IEEE, AND P. DALY, MEMBER, IEEE ‘

Absfract — New teehniqnes have been employed in both fhe modeling

and measurement of microstrip transmission-line strnetnres. The modeling
employs a dual potential approach using finite-element anafysis to derive

exact bounds to the microstrfp characteristics. From these, error fimits to

the theoretical S-parameters of stepimpedance-line structures have been

derived.

The measurement of the S-parameters were performed on an automatic

vector network anafyzer using an “on-chip” calibration method with micro-
strip calibration pieces.

Theoretical results are presented for the test structures on both ahrmina

and gaflium arsenide, and measured results are presented for the alumina
structure. Error bonnds for the measured resnlts have been derived from
repeatability, and agreement between theoretical and measured results is

reasonably good.

I. INTRODUCTION

T HE USE OF microstrip transmission lines in the

manufacture of microwave integrated circuits is

widespread, and with the growing interest in gallium

arsenide (GRAs) monolithic circuits, the need for accurate

modeling of microstrip transmission-line structures is being

reemphasized. Over the last 20 years, there has been a

wealth of literature on the analysis and measurement of

these structures, and an extensive list of references can be

found in [1]. However, in past work, attention has rarely

been paid to the estimation of the accuracy of the results.

In this work, we attempt to put error limits on both the

theoretical analysis and also on the measured results. By

using a dual potential approach to the analysis of the

microstrip structure, upper and lower bounds to the trans-

mission-line parameters can be derived, from which the

error limits of the S-parameters of a particular structure

can be found.

The complex nature of the automatic network analyzer

measurement equipment, and its calibration procedure,

make the task of error estimation virtually impossible, and

no attempt of this has been seen in the literature. The error

bounds for the measurements are, therefore, derived purely

from repeatability data gained experimentally.

II. THEORY

The modeling of the rnicrostrip transmission-line struc-

tures has been based on a dual potential finite-element

(FE) analysis to derive exact upper and lower bounds to

the solution. The finite-element approach was adopted due

Manuscript received March 13, 1985; revised July 10, 1985.
The authors are with the Department of Electrical and Electronic

Engineering, University of Leeds, Leeds LS2 9JT, England.

to its flexibility when applied to structures where there are

large differences in the dimensions of the elements which

comprise the structure. In microstrip, the inner dimensions

may be two orders of magnitude smaller than the bounding

dimensions. Now, given a transmission line with metallic

conductors (electric walls) and lines of symmetry (magnetic

walls), the potential satisfies Laplace’s equation within the

bounded cross section.

It is well known that a variational expression exists for

the line capacitance of a uniform transmission line with

applied potential V

where @ is the potential function within

and IC is the local dielectric permittivity.

(1)

the cross section

Discretization of

the potential over an aggrega~e of finite-elements leads to a

simple matrix equation [2] whose unknown is a column

vector of discrete potential values.

Once the potential distribution has been solved using FE

techniques, the line capacitance per unit length can be

derived. However, by the minimum energy principle, only

the exact potential distribution will result in the exact value

for tbe capacitance, i.e., the FE solution is always an upper

bound to the correct value. By interchanging the electric

and magnetic walls, we derive the dual structure, andl we
can again solve the Laplace equation for the dual potential

distribution. It has been shown [3] that this leads to a lower

bound for the line capacitance. By solving the microstrip

structure with and without the dielectric present, for both

the dual potential distributions, exact bounds for both. the

characteristic impedance and the effective dielectric con-

stant of the microstrip line structure can be derived from

the following relations:

C,ff = c/c~

20= &Jcc

(2)

(3)

where c.ff is the effective dielectric constant, CO is the line
capacitance without the substrate dielectric, C is the ca-

pacitance with the substrate dielectric, 20 is the characteri-

stic impedance of the line, and c is the velocity of light

in vacuo.
The important point to note here is that the exact

solution must lie between these upper and lower bounds,

and that these bounds may be brought closer together by
implementing a finer mesh with more elements in the FE
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Fig. 1. Step impedance line test structure layout.

analysis. So the accuracy of the solution is limited only by

the power and memory capacity of the machine employed

to do the computation. The absolute magnitude of the

error in line capacitance itself is, therefore, known and the

average of the bounds can realistically be assumed to

provide an order of magnitude improvement in the accu-

racy.

The test structures examined in this work were step-

impedance lines where there is a change in the width of the

microstrip lifie. The dimensions of the lines on both alumina

and GaAs are shown in Fig. 1. The upper and lower bound

results are given in the table below the figure. From these,

the bounds of S-parameters were derived by varying the

impedance and effective dielectric constant

their bounds. The chain matrix for each of

sections is given by

[

Cos( 81) jZO sin(@)

jYOsin(/31) Cos( /31) 1

values within

the three line

where 20 is the calculated characteristic impedance, Y. =

1/2., and @ is the electrical length of the line (dependent
on frequency and the calculated effective dielectric con-

stant). The three chain matrices are cascaded into an

overall chain matrix, which is then converted into the
S-parameters of the line structure. This structure is sym-

metrical, i.e., Sll = Szz and S21= Slz, so only the Sll and

Szl results are quoted here. This process is repeated many

times to build up a range of possible S-parameters.

III. MEASUREMENT

Considering now the measurement technique, the S-

parameter measurements were performed using standard

automatic network analyzer equipment. However, the criti-

cal aspect of S-parameter measurement is the calibration

routine to apply accuracy enhancement by error correction

techniques [4]. If this is done u~ing standard coaxial

calibration pieces, then further process~h~ of the results is

required to remove the effect of the launcher which con-

nects the. coaxial test ports to the microstrip sti-ucture

under test. This requires very accurate modeling of the

launcher characteristics which is difficult particularly over

broad frequency ranges. To try to overcome this problem,

the approach of “on-chip” calibration is being considered

by many workers. In this technique, the calibration pieces

are formed in the same medium as the circuit under test,

and the reference plane of the measurement on the circuit

rather than outside it. A successful technique has been

developed using coplanar waveguide calibration pieces [5],

but for this work we have developed a technique using

microstrip calibration pieces. because we wish to measure

microstrip components. The calibration pieces used are a

zero-length short circuit, open circuits at the ends of lines

of known length, and a through line of characteristic

impedance of 50 0. Software has been developed for

standard 8- and 12-term error correction, and a series of

measurement jigs built to accommodate test substrates of

different substrate thicknesses. Measurements have been

perfw-rned on substrates of both RT-Duroid and alumina.

Fig. 2 shows both the modeled and measured results for

the alumina step impedance line, including both Sll and

S21 magnitude and phase. The results are shown in terms

of error bars, the two bars being slightly offset from one

another for clarity. The error bar for the modeled results is

derived directly from the upper and lower bound results of

characteristic impedance and effective dielectric constant.

For the measured results, it is extremely difficult to derive

correct error bars due to the complex nature of the mea-

surement equipment and the calibration process. The error

bars shown are derived from statistical data of the repeat

ability of several calibration and measurement operations.

They are, therefore, likely to provide optimistic limits.

Fig. 3 shows the modeled results for the GRAS step-

impedance line, again showing the range of predicted val-

ues.

IV. CONTOUR PLOTS

Since the introduction of the finite-element method, the

solution to static field problems has provided an upper

bound to the large scale parameters of the field (in our

case, the capacitance per unit length— see (l)). Following

earlier work [3] on the development of the theory of dual

potentials, whose use results in a lower bound for the same

large-scale parameters, finite-element techniques have been

introduced [6] and applied to a variety of transmission-line

structures including coaxial lines, stripline, and microstrip.

It has also been established [7] that the potential con-

tours for the field problem and its dual are orthogonal as

long as the medium remains piecewise continuous. This

implies that, as a by-product of the solution of the finite-

element matrix equation for upper and lower bounds to the

capacitance per unit length, one also obtains a grid of dual

potential functions orthogonal to each other — in other

words, a contour of equipotentials for the problem in

question and also the associated electric field contours.

Typical field contour plots are presented in pairs for one

half cross section of a microstrip line in Figs. 4-7. Each

pair shows contours for equipotentials in the original struc-



SHRPHERD AND DALY: MICROSTRIP TRANSMISSION-LINE STRUCTU~S 1503

4

I

+1

I

[,!, !,!, !,1
2 12

Frequency (GHz) l/DIV

(a)

i

1

Thwreti.xl I

Mw,ured +

Frequency (GHz) l/DIV

(b)

1
T

Frequency (GHz) lzDIV

(c)

,.0 ~
2 Frequency (GHz) l/DIV 12

Theoretical
I

Measured
+

Theoretical I
Measured

4

(d)

Fig. 2. Theoretical and measured ,S-parameters ofstepimpedrmce line onalumina. (a)Sll magnitude.(b) S11 phase.(c) S21

magnitude. (d) SZl phase.



1504 IEEE TwNsAcT1oNs oNMIcRowAvE THEoRYAND Techniques, voL. M~-33, No. 12, DEcEMBER 1985

.6

I

I

I
I

I I
I

I

I

I

I
I

I

I

r
I

0 I I
2 18

Frequency (GHz) 1.6/DIV

(a)

.
.

.

I

, .

1

I
.

.

0< a 2~4-t-+-+a
Frequency (GHz) 1.6zDIV

(b)

11
x=

1
1

I
I

I

‘1 [1+’

I

1

‘i I

Frequency (GHz I 1.6zDIV

(c)

I

+
113

..Eib, + ,:
2

-i
Frequency (GHz) 1 .6/DIV 18

(d)

6.0
t

\ 1—.
I

4.5 ;

I
1

4.0 :

1

3.5

3.0

2.5

2.0

1.5

1.0

0.5

00

1
1

1

,

L

1

0.0 0.5 *.0 1.5 2.0 2.5 3.0 3.5 4.0 4.5 5.0

(a)

.5.0 ~
------- ------------- -------- ------------ --. l

4.5

/“-’-7

II / i
I
I
I

I
I
I

I

I
I
I
I

:

1

I
I
I
I
I
1
I

I

I
I

--- 4---.4--- .

0.0 0.5 1.0 1.5 2.0 2.5 3.0 3.5 4.0 4.5 5.0

(b)

Fig. 4. Equipotential and electric-field contour plots in microstrip (1/2

section) with outer dimensions 5 x 5, containing dielectric with relative
permittivity = 1,0.

ture and its orthogonal dual (electric field). The first con-

tour plots in Fig. 4 refer to a microstrip structure (drawn to

scale) with dielectric permittivit y under the central conduc-

tor equal to unity. The contours close to the central con-

ductor are shown in Fig. 5 with the aid of a “zoom”

Fig. 3. Theoretical S-parameters of step impedance line on GaAs. (a) facility in the post-proces&g and clearly indicate areas of

and (b) c&% step Sll. (c) and (d) GaAs steP S21. rapid field change. Figs. 6 and 7 are complementary to
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Fig. 5. Blowup of contours in Fig. 4 using the zoom post-processing
facility — area surrounding the central conductor.

Figs. 4 and 5, the only difference being the value of the

dielectric permittivity (12.9 for GaAs) of the substrate

underneath the central conductor.

Each of these plots is produced from processing output

data from the solution to the matrix equation of order 1000

and matrix bandwidth of order 30, requiring a cpu time of

8 s and producing bounds whose difference represents a

maximum error of around 2 percent.

V. SUMMARY

In summary, both theoretical and experimental results

have been presented for a microstrip test structure. New
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Fig. 6. Equipotential and electric-field contour plots in microstrip (1/2
section) with outer dimensions 5 x 5, containing dielectric with relative
permittivity = 12.9 (GaAs substrate) under the centraf conductor.

approaches have been adopted for both modeling and

measurement in an attempt to independently improve the

accuracy of both techniques, and so improve the confi-

dence and reliability of design in a vital area of microwave

integrated-circuit production.
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